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the potential and electric dipole operators, respec-
tively, have been suppressed in the above equations,

but they are used in the text in the numerical evalua-
tion of the oscillator strengths.
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Estimates of the isotropic part of the hyperfine constants of several small ions in the pres-
ence of a massive ion with an unpaired electron, by the use of a simple method, are reported
here. Calculated results are found to be quite essential in the understanding of isotropic hfs
observed in similar systems in the crystal environment.

I. INTRODUCTION

Considerable attention has been focused in recent
years on the use of paramagnetic-resonance spec-

tra and optical spectra to detect impurity centers
in x-irradiated @ (low)-quartz.!'? As a substituent
for silicon in the quartz lattice, germanium (as
well as a few other elements, including aluminum,
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iron, and titanium) is believed to enter asa Ge*
ion, becoming Ge* after trapping an electron, !:3-%
The electron is made available on x irradiation.
There are also small alkali-metal ions (Li*), pro-
tons (H*), and H- ions, which occupy various inter-
stitial sites, creating stable charge-compensated
paramagnetic centers. For germanium, numerous
alkali-containing centers are known, but alkali-
hydrogen-compensating centers (GeHLi,) have been
the most recent findings. ®

Experimental observations of g values, and iso-
tropic and anisotropic hfs of various types clearly
identify these impurity centers in the lattice, but
provide no definite evidence regarding their loca-
tions, relative positions, or geometry. Several
phenomenological attempts have been made to ob-
tain the geometry of the centers, but in no case has
common agreement been reached. 3'*'®* The main
difficulty is the complexity of the problem itself.
An ab initio theoretical calculation at this time
might prove to be very useful and stimulating to
experimentalists, but it would be a very costly af-
fair while the geometry of these centers is still in
doubt. Therefore, in the present author’s opinion,
calculations of a simple nature would provide valu-
able clues to the whole problem.

Let us summarize the main features of the prob-
lem: First, each paramagnetic-impurity center
is an effective-nuclear-charge center, which gives
rise to a sizable attractive potential. The unpaired
electron, which is liberated during x irradiation
and trapped at the germanium center, 3'5'¢ probably
moves around and spends time at those interstitial-
impurity centers where there are appreciable at-
tractive potentials, provided there are no barriers
to the electronic motion to the center. Second,
the ligand orbitals centered at the four nearest-
neighbor oxygens in the lattice (in quartz, silicon
is surrounded by four oxygens at tetrahedral con-
figurations) play several important roles. They
produce an attractive polarization field at some
centers and a Pauli repulsive force at others (where
ligand orbitals act as barriers). Besides these
two major features, there are several secondary
effects arising from the interaction of the core elec-
trons, at various impurity centers, with the un-
paired electron and the ligand electrons. One of
the most important of these effects is the core-
polarization effect.” All these features simulta-
neously influence the system and, consequently,
the size of the unpaired electronic spin density at
the nucleus of each impurity center is appreciably
altered. Thus, the observed isotropic hfs constant
at each impurity center will be different from that
of the corresponding free ion. Therefore, the
determination of the isotropic hfs constant alone
may provide sufficient information to visualize the
geometry of the problem.

Again, not all the features will be equally effec-
tive at all the centers. At some centers the poten-
tial produced by the effective charge at the center
is dominant. On the other hand, there are centers
where the ligand orbital effects are equally impor-
tant. The third feature, the core polarization, is
of secondary importance here. The core-polariza-
tion contribution to the isotropic hfs becomes dom-
inant only in cases where there are no unpaired
electronic spin densities at the nucleus.” In the
present calculation, we have decided to determine
only the contribution arising from the potential at
the center. In this way, we will be able to label
some centers according to whether the contribution
of ligand orbital effects is important or not. This
may provide us with important clues as to the
geometry of the impurity centers.

To make the problem tractable, we have simpli-
fied it still further. Instead of dealing with all the
interstitial impurities surrounding the substitutional
impurity Ge** ion in one picture, we treat each in-
terstitial impurity ion individually in the presence
of the substitutional Ge** ion, separated by a rea-
sonable internuclear distance. Then the problem
becomes a simple two-centered diatomic-type
problem. An electron sees two different potentials
at adjacent positions and is under the influence of
both. Our problem is to determine these two po-
tentials and their interaction with the electron,
When the interaction Hamiltonian, comprising the
kinetic-energy part and the potential-energy part,
is found, a Schrddinger equation is solved get to
the wave function for the electron. The rest is then
the usual evaluation of the spin density at the nu-
cleus of the interstitial impurity, and the corre-
sponding isotropic hfs constant.

Nevertheless, the problem to be solved is really
a many-electron problem. Since we neglect the
interaction of core electrons of Ge** with the un-
paired electron, we can adopt some sort of pseudo-
potential approach® for determining the potential
at the germanium ion. We confined our calculations
to the cases of (Ge**-H")e", (Ge*'-H)¢", and
(Ge**-Li*)e" ion pairs. The same internuclear
separation is used for each case, because our cal-
culation is by no means an attempt to attain an ac-
curate quantitative agreement.

Section II outlines the essential features of the
present method. Section III contains the calculation
and results for each pair and in Sec. IV, we discuss
our results with reference to the actual problem.

II. METHOD OF CALCULATION

As already mentioned, our method is simple,
designed mainly to illuminate some vital aspects,
so that they may provide clues to stimulate further
experimental and theoretical investigations on the
actual problem. Therefore, our method, quan-
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titatively speaking, is an approximate attempt not
on the actual problem, but rather on the skeleton,
and may suffer from oversimplification.

The potential that the unpaired electron sees at
the germanium ion is chosen, for the sake of com-
putational simplicity, to be the average effective
potential that can be obtained by using some sort
of pseudopotential approach. Thus, the main
crudeness lies in our method of determining this
potential. But the potential that the electron ex-
periences at the interstitial ionic center is calcu-
lated in the spirit of the Hartree-Fock calculation.

The Hamiltonian for the unpaired electron inter-
acting with two potentials, centered, respectively,
at the germanium ion and the interstitial ion, is
given by

1o 2 Z 51
H==3VE4 Vo= =442, —
Ys1 =1 714
where V;, refers to the effective potential that the
unpaired electron experiences at the germanium
center,

The third and fourth terms of Eq. (1) represent
the interaction of the unpaired electron with the
nucleus and n electrons, respectively, of the Sth
interstitial ion considered.

A determinantal wave function

) 1)

Y=det[¢,a,...,0,,(a0r f), @(c-rp] ()

is built from orbitals ¢,q,..., ¢,,,(@ or ;) repre-
senting »n electrons of the Sth interstitial ion and
¢(a or p), representing the unpaired electron. ¥
corresponds to the eigenfunction of the Hamiltonian
operator H given in Eq. (1), and the energy eigen-
value for the said electron is given by

E=(¢| (= 39.D)| @) +(@| Voo| @ = Z{0| | @

n/2
+ ?4; [2<§0(1)¢((2)I 'sz-ll (1) 9,(2))

-(e)94()] 72| @), 1N] . @)

However, ¢ is not known in this case. Applying®

a variational principle, ¢ can be determined
easily, provided that Vg, is known. First, we must
choose an appropriate variational function for ¢.

In doing so, we take into account the following:
When the unpaired electron comes entirely under
the influence of the field of the germanium ion, the
Ge** ion temporarily becomes a Ge** ion, hence

the unpaired electron would primarily occupy the
state of a 4s orbital® of a Ge® ion. Similarly, in
the other extreme, the electron comes entirely
under the influence of the Sth interstitial ion which,
after accommodating the electron in its appropriate
orbital, becomes an ion with a higher electron con-
tent or temporarily a neutral atom. Thus, the

most logical choice for ¢ would be a linear com-
bination of those orbitals that the electron would
occupy in the two extreme cases. Thus, the chosen
@ is

¢=A¢?:+B¢fn/2~l)s ) (4)

where the coefficients A and B are to be determined
as variational parameters. The next thing to re-
solve is the problem of not knowing Vg;,. The ap-
proximate method that we have chosen is as fol-
lows: If we substitute the expression of ¢ given

in Eq. (4) into the first three terms of Eq. (3),

we obtain some terms involving Vg,:

(@52] (- $V2+ Vo) | 08 =€Sr (5)

<¢(sn/2+1)s| (— %Va*' VGe)l ¢4G:) = E?;((p(sn/hl)s] ¢?.:) ’

(6)

and

<¢(Sn/2¢1)a(1)l VGol ¢(sn/201)s(1)> =?. (7)

€5? is the eigenvalue of the 4s orbital® of the Ge**
ion, and (#,/2.1,s! $52) is the overlap integral. They
can both be easily found. Thus, the terms given
in Egs. (5) and (6) involving V,, can be determined
without even knowing V;,. But the term expressed
by Eq. (7) cannot be determined without knowing
Vge. The function ¢, /5.1, must be localized
around the Sth interstitial ion, and inthatregion Vg,
would have its asymptotic form, Z%/7;.,, Where
Z8;, is the effective nuclear charge of Ge®. After
taking into account the screening effect of the elec-
tron, Z% is taken to be 3.15 in this case. Thus,
for Eq. (7) we take the approximate form

<¢(Sn /2‘1)3(1)1 VGo| ¢fn/2¢1)s(1)>

1
=- Z?:':<¢(sn /2*1)3(1)| K l ¢(sn/201)a(1)> . (3)

The isotropic hfs constant at the nucleus of the Sth
interstitial ion, arising from the unpaired elec-
tronic spin density <p‘2('rs1 =0), via the Fermi con-
tact term, !° is given by

A:fs:%&"us“eaaams /ISJhxﬁ (7’51_:0) 3 <9)
where ug is the nuclear magnetic moment of the
Sth interstitial ion, u, the magnetic moment of the
electron, m, the magnetic component of the elec-
tronic spin, and Ig the corresponding nuclear spin
of the S interstitial ion. J refers to the total angu-
lar momentum, a, is the Bohr radius, and % is
Planck’s constant.

III. CALCULATION AND RESULTS FOR ION PAIRS

In this section we give the essential steps of the
calculation and the results of specific cases follow-
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TABLE I. ¢$® wave function®: linear combination of ten
basis functions X,;,, .

n l m ¢ Coefficients
1 0 0 30.754 -0.03268
1 0 0 36.3802 —0.00090
2 0 0 26. 6899 —0.02049
2 0 0 13.9652 0.11818
3 0 0 12.73 0.08110
3 0 1] 7.80673 -0.18003
3 0 0 5.21033 -0.21692
4 0 0 2.9869 0.40064
4 0 0 1.93414 0.63445
4 0 0 1.28343 0.08065

3Tables of Atomic Functions, edited by E. Clementi
(IBM Corp., San Jose, California, 1965).

ing the method described in Sec. III. The
(Ge**-H")e" ion pair is taken first, followed by
(Ge**-H")e" and (Ge**-Li*)e". We have chosen the
internuclear separation of 5 bohr in each case. All
the two-centered one-electron and two-electron
integrals are computed accurately by using the di-
atomic-molecular-program package, called

BISON. !

A. (Ge**-H*)e~ Ton Pair

There is no interstitial core electron in this case,
cecause a proton (H*) is the Sth interstitial ion,
Therefore, only the first three terms are retained
in Eq. (3), i.e.,

E=(9| (= 392 = vyt + Voo @ . (10)

When the electron comes under the influence of the
H* ion, which temporarily becomes an H atom,

the electron occupies the 1s orbital of the H atom.
Thus, the choice for the variational function ¢ in
this case is given by

@=Ag§s+ BoY, (11)

After carrying out the variational calculation
with the computed values of

<¢lli: (- %vz - Tal-l)l ¢¥;>=€¥,= -0.5a.u,,
(852] (= 1924 Vo) | 0§ =€f?==0.8442 a2, u,,

. 12
(0¥, | #$2=0.12303 , (12)

(B8] 7ge17| 612) = 0. 1999

we find the variational coefficients A=~ 0, 9981,
and B=0.2575. Then the calculated ¢ is

®=0.2575¢%, - 0.998143? (13)

¢S5+ is a linear combination of ten basis functions
of the form

Xum=[(20)™1/2/(2n1) 2y -tetry,, . (14)

In Table I, the exponents, coefficients, etc., are
given, The calculated energy E is —1.02999 a.u.
From Eq. (13) we evaluate

@ (r41=0, 7ge1=5 bohr)=0.01974 ,
which is substituted in Eq. (9) to obtain
Al = 4,4644 X0, 01974 X10° Hz
=88.14 MHz .
B. (Ge**-H")e" Ion Pairs

The H- is a stable ion, containing two electrons
which occupy the spin-up and spin-down states of
the core orbital. When the unpaired electron en-
ters into the sphere of the H- ion, it temporarily
becomes a H2- ion (unstable). The determinantal
wave function ¥ is given by

\I/ =det(¢1 a, ¢1B’ (ﬂa) ’ (15)
and the energy functional is

E=(9| (= 3V =%y + V)| @
+ A0, (1) (@) 12| 91 (1) 0(2))
- (6,1 0@)| ns™!| $:)0(1)) ,  (18)
where

¢1 = 0. 51076X100(1. 0) + 0. 17025X100(0. 5)
+0.0454X,50(0.5)  (17)

is a linear combination of three basis functions and
is predetermined for H-, The values of the {’s are
placed in parentheses. The choice for the ¢ is
here given by

@=A1X100(1. 0)+ A3 X109 (0. 5) + AgXzo0(0. 5) + BEY -
(18)

In order to vary the energy functional E, given in
Eq. (16), with respect to 4;, A,, As, and B, we
first evaluate the one-electron and two-electron
molecular integrals involving Xjg(1.0), X;4(0.5),
X300(0.5), and ¢$?. In particular, the one-electron
integrals involving V,, are evaluated according to
the approximate prescription described in Eqs.
(5)-(8). The coefficients A,, A;, 4,, and B, deter-
mined as variational parameters, are - 0.5727,
0.6945, ~0.5387, and 1.0171, respectively. The
calculated total energy (¥ |H|¥) is found to be
-0.12398 a.u. We finally calculate ¢*(ry-, =0,
¥ge= 5 bohr) by substituting the calculated values

in Eq. (18):

@(ry-; =0, 75,=5 bohr)=0.03333 , 19)

which is substituted in Eq. (9) along with other con-
stant quantities, to yield a hfs constant Al of
148.77 MHz.
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C. (Ge**-Li*)e~ Ion Pair

Accepting an additional electron, the Li* ion be-
comes a neutral Li atom. This is a three-electron

system, exactly like the previous one. In the de-
terminantal wave function
‘Il:det(¢la, ¢lﬁ) ¢) ’ (20)

¢, is taken as the core orbital of the Li atom and
is expressed as a linear combination of four basis
functions:

¢1=0.11192X,55(4. 69)+0. 8820X,,(2. 483)

+0.02147X,4,(1. 68) + 0. 00051 X,0,(0. 672) ,
(1)
where the values of ¢ are given in parentheses.
The variational function ¢ is again chosen to be a
linear combination of the four basis functions in
¢, and ¢5s. Thus, we have

@=A1X100(4. 69) + A3 X)00(2. 483) + A3 X;(1. 648)
+ Ay X500(0. 672) + BOST? . (22)

The expression of the energy functional E is the
same as expressed by Eq. (16). A similar varia-
tional procedure is repeated to determine A4,, 4,,
A,, Ay, and B, which are found to be - 0.01321,
-0.05257, —-0.07954, 0.64173, and 0.61238, re-
spectively. (¥|H|¥), the total energy, is—6.7779
a.u. Next we evaluate ¢?(v;,4;=0, ¥g,=5 bohr),
obtaining

@ (ry1+1=0, 7go=5 bohr)=0.08148 .
The calculated hfs constant at Li* is found to be

ALL -141.38 MHz .
IV. DISCUSSION OF RESULTS

As already mentioned, the hyperfine constants,
calculated in Sec. III for the three ion pairs, do
not, in the quantitative sense, correspond to the
actual hyperfine constants observed at similar in-
terstitial impurity centers in an x-irradiated, ger-
manium-doped, quartz crystal (germanium is the
substitutional impurity). But the physical picture
and concepts, under which these skeletal calcula-
tions have been carried out, bear some resemblance
to the actual problem. Comparing our calculated
values with the actual experimental observations, we
somewhat surprisingly find that, by using a rough
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estimate for V;, and a reasonable choice of the in-
ternuclear separation, our results in the case of
the H* ion and the H- ion show very good relative
agreement.® These indicate that the H* or H- in-
terstitial ions are situated in unique positions in the
lattice where the ligand orbitals have practically
no interfering influence. On the other hand, the
calculated result for the Li* ion is quite large com-
pared to the experimental value, which seems to
indicate that the oxygen ligand orbitals have strong
interfering effects on the Li* impurity center so

as to reduce greatly the unpaired electron spin den-
sity at the Li* nucleus. This means that the inter-
stitial Li* ion occupies a unique position in the lat-
tice where the admixture of ligand orbitals with
that of the excess electron leads to a small elec-
tronic spin density at the Li nucleus. This infor-
mation, combined with the lattice configuration,
and the charge-density mapping of ligand electrons,
would be sufficient to suggest a geometry of the
impurity centers. Further theoretical and experi-
mental investigations would be necessary to es-
tablish any conclusion. At this point, in the light
of our calculations, we would only hope to stimu-
late such investigations.

It is worth noting that the spin density at the H-
ion is almost double that at the H* ion, although
one would anticipate the reverse. Therefore,
some physical explanation is needed. Considering
the relative electron affinity, one would agree that,
of the three ions, Ge** has the strongest and H- the
weakest electron affinity, Naturally, the unpaired
electron spends a relatively longer time in Ge**
than in the H* ion. But inthe case of the H- ion,
the physical picture is different. The two elec-
trons, which are initially bound to the H- ion, be-
come quite diffused over higher states in the pres-
ence of a massive positive ion and a third elec-
tron, eventually leading to a larger value for the
unpaired spin density.

The calculations need to be repeated for several
internuclear separations in order to reveal the tem-
perature dependence of the results.
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The absence of the quadrupole interaction from the room-temperature spectrum of FeyC
is shown to be only apparent. The spectrum was unfolded into two components in accordance
with the two known structural sites, G (general) and S (special). The electric field gradient

is found to be axially symmetric at each site.

The quadrupole interaction is found to be 0. 32

mm/sec for the G site and —0.58 mm/sec for the less-symmetric S site. The angles 6 be-
tween the magnetic field H and the electric field gradient Vee were found to be 50° and -50°
for G and S, respectively. The hyperfine fields are found to be Hg=205 kOe and Hg= 207 kOe.
No difference in the isomer shift could be observed. The only indications of two sites in the
room-temperature spectrum are the broadening (and therefore shortening) of the + 3 — + 4
transition line (sixth line), and a smaller broadening of the — 4 — — 4 transition line (second

line).

INTRODUCTION

The x-iron carbide Fe;C, has been widely stud-
ied. 2 It is monoclinic and has the space group
C; /2. The iron atoms occupy two sets of eightfold
general positions (type I and II) and one fourfold
set (type III).

In accordance with the structure determination
by Fasiska and Jeffrey,® the 6-iron carbide Fe,C
(cementite) is orthorhombic and has the space

group P,,.. The iron atoms are located in two
types of sites. An iron atom Fe; at the general G
site has 3 C and 11 Fe nearest neighbors in a less-
asymmetric arrangement than an iron atom, Feg,
at the special S site with 2 C and 12 Fe nearest
neighbors,

The two carbides have been widely studied by the
Mossbauer effect. The M8ssbauer spectrum of
the x carbide has been shown to have a fine struc-
ture due to the different sites of the iron atoms. *



